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Abstract 

Duality arguments are used to determine D-instanton contributions to certain effec- 
tive interaction terms of type II supergravity theories in various dimensions. This leads to 
exact expressions for the partition functions of the finite iV D-instanton matrix model in 
d = 4 and 6 dimensions that generalize our previous expression for the case d = 10. These 
results are consistent with the fact that the Witten index of the T-dual D-particle process 
should only be no n- vanishing for d — 10. 
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1. Introduction 



When Yang-Mills theory with gauge group G is reduced to zero space-time dimen- 
sions it is a theory of vector potentials (where fi = 0, 1, • • • d — 1 labels d euclidean di- 
mensions) which are constant matrices and the action is simply proportional to tr[A M , A v ] 2 . 
This system is of relevance in calculating the zero-mode contribution to Yang-Mills theory 
in a box jl]. When G is SU(N) (so that is a hermitian traceless N x N matrix ) and in 
the limit N — > oo this zero-dimensional model was shown by Eguchi and Kawai to encode 
the information in <i-dimensional Yang-Mills theory 0, at least in the quenched version 
of the model. 

Adding fermions in a supersymmetric manner dramatically changes the nature of the 
model. In supersymmetric SU(N) Yang-Mills theory, which exists in d = 3,4,6,10, the 
fermions, tp a : are space-time spinors (a = 1, • • • , 2 d / 2 ~ 1 for d ^ 3 and a = 1, 2 for d = 3) 
and are also N x N matricesB In these cases the partition function can be written as 



z »=mkm} DAD * e ~' SYM[AM ' (L1) 

where Sym is the supersymmetric Yang-Mills action in d dimensions reduced to a point, 

S YM = \tr{[A^A v } 2 ) + -tr^iy^]), (1-2) 

and g is the string coupling constant. The large-iV limit of the d = 10 model has been 
used to define a version of the matrix theory HQ that is a candidate model for a non- 
perturbative description of IIB superstring theory. An important effect of the supersym- 
metry is to ensure that there are exactly flat directions along which the eigenvalues of A 1 ^ 
feel no potential (where / label elements of the Cartan subalgebra of SU(N)). This can be 
seen already in the N = 2 (2 D-instanton) system where the behavior of the 'quenched' sys- 
tem, in which the instantons are separated by a fixed distance L, is qualitatively different 
for the supersymmetric cases ||. 

The partition function zff is also of interest in a separate context. It may be 
identified with the bulk contribution to the Witten index for the system of N interacting 
D-particles in the T-dual IIA string theory. Indeed, it was in the context of the Witten 
index that the partition function was evaluated explicitly for the case N = 2 in where 
it was shown that = 0, = Z^ = 1/4 and Z^ 10 ^ =5/4. These values are in accord 
with lore concerning the presence of D-particle threshold bound states in d = 10 Yang- 
Mills matrix quantum mechanics and the absence of bound states in the lower-dimensional 
cases. This lore is based on a variety of duality arguments. D-particles in d = 10 are 



1 We will define the fermions with Minkowski signature for space-time before passing to 
euclidean signature. 
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supposed to be identified with Kaluza-Klein modes of eleven-dimensional supergravity 
and the presence of threshold bound states corresponds to the multiply-charged modes. 
One signal for these states is that the Witten index for N D-particles should equal one. 
The d = 6 supersymmetric Yang-Mills matrix model can be obtained as a limit of type 
II A string theory compactified on K3. This is a scaling limit in which a two-cycle in the 
K3 vanishes. A D2-brane wrapped around the cycle is massless at the degeneration point 
and is interpreted as a Yang-Mills gauge particle in the dual heterotic picture ||]. Since 
there is a single Yang-Mills state it is important that multiply- wrapped D2-branes do not 
give rise to new threshold bound states and the Witten index should vanish. A similar 
argument applies to the four-dimensional theory obtained by compactifying type IIB string 
theory on a Calabi-Yau space in the limit in which a three-cycle is degenerating. As shown 
by Strominger || the singularity in the classical vector moduli space is resolved by the 
presence of new massless states associated with a D3-brane wrapped once around the cycle. 
Again, multiple wrappings must not give extra normalizable states if the mechanism for 

(3) 

resolving the singularity is to work. The d = 3 partition function Z N is believed to 



vanish J7| |j| [10] so this case is qualitatively different from the higher-d cases. The relevant 



euclidean brane configuration would be the euclidean D2-brane wrapping a three-cycle in 
a Calabi-Yau fourfold. However, such cycles do not preserve half the supersymmetries [JTT[ . 
In [1^] we demonstrated how the d = 10 zero-dimensional matrix model partition 



function for arbitrary N, Z^°\ could be extracted from the expressions for certain pro- 
tected terms in the IIB effective action (such as the i? 4 term). We also showed how this 
is compatible with a non-vanishing Witten index. This discussion will be reviewed and 
extended in section 2. The d = 6 case will be considered in section 3 where the matrix 
model of relevance close to a degeneration point at which a single two-cycle in K3 shrinks 
to zero volume will be arrived at by considering a scaling limit of the threshold corrections 



derived in 131. In section 4 this will be further extended to the d = 4 case where the 



matrix model is associated with the degeneration of three-cycles in Calabi-Yau spaces of 

!• 

In all these cases we are interested in extracting the leading instanton contributions 
to the various terms in the effective action. These terms can be expressed in the string 
frame in the form, 

J d d x^gFi, d \p,p)V(y) + c.c., (1.3) 

where V(^) is a combination of fields (such as i? 4 and related terms in the d = 10 case) and 
p = x + ie~^ is a complex combination of R®R and NS&NS scalar fields. The particular 
moduli that are identified as x an d 4> depend on the context. For large (weak coupling) 
the function FjP (p, p) can be written as an expansion that has the generic form 

F f = pert. + 5>#UM. (1-4) 
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where pert, denotes a finite number of perturbative contributions and Gffi-p contains N 
instanton effects. To leading order in the weak coupling expansion this has the form 

~, „7( d ) ( Q.,\ad+P -2-K{S N +iN X ) i 



'N,P 



cZ^(S N ) a ^e- 

7 {d) Q p 
N °Ni 



'(l + o(l/JVe-*)) 



1.5) 



where the constant depends only on the dimension d while p is the number of 
fields in the interaction V in linearized approximation and Sn is the iV-instanton ac- 
tion, Sn = Ne~^. The quantity is identified with the partition function defined 
earlier in terms of the zero-dimensional reduction of super Yang-Mills. The measure 
= (SN) ad e~ 27T ^ SN+lNx \ defined by ( |1 . 5|) , is independent of which interaction term is 
being considered. The general structure of these interactions can be obtained by consid- 
ering perturbative string contributions around a D-instanton background. This requires 
a sum over world-sheets that includes configurations of disconnected disks with Dirichlet 
boundary conditions, as described in [JTJJ for the d = 10 case (and in [15] for the bosonic 
string) . The lowest non-trivial perturbative contributions of this kind will be evaluated for 
the d — 4 case in section 4.1 in order to confirm the general structure of these corrections, 
although perturbation theory alone cannot verify the detailed form of zffi . 
We will discover that 

1 _CfTi _m 1 



7 (10) _ l 7 (6) _ 7 (4) 



;i.6) 



The d = 10 result was given in [II| and agrees with the expectation that the Witten index 
should equal one. The d = 6 and d = 4 results agree with the expectation that the Witten 
index vanishes in these well as with the results of [1171 . The relation of these results 



to the arguments in [01 is obscure. 



2. d = 10 and M-theory - type IIB duality. 



An important ingredient of the web of non-perturbative dualities is the correspon- 
dence between M-theory on T 2 and type II string theory on S . The original arguments 
for this were motivated by the form of the leading terms in the low energy effective actions 

GOT 



for these theories [|TSf| ||20|| ||21|| . This generalizes to the richer structure of the next terms in 
the low energy expansion that include, for example, the i? 4 terms and other terms of the 
same dimension. We will review the form of these terms in this section and how they are 
related to the Witten index for the d = 10 D-particle system. 



The connection with the Witten index was made in |TI| where we suggested how 
the analysis of the two D-particle system in and should generalize to an arbitrary 
number of D-particles in the case of d = 10. For any value of d the index has the form 



I {N) = lim tr(- 



■i)V^ 



AN) 

L bulk 



+ 8I^ N \ 



(2.1) 
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where is the iV D-particle hamiltonian. Iu^, k is the bulk contribution to the index and 
is identical to the zero-dimensional partition function, 



7 £l = £™ tr ( 



7(d) 
J N ' 



(2.2) 



and 5l( N ^ is a boundary contribution given by 



SI (N) 



Jo dp 



(2.3) 



The boundary term was found to arise in the N = 2 case from the region of moduli 
space in which the two particles are separated and non-interacting 00. This region is 
described by quantum mechanics of two free particles on the orbifold space R d ~ 1 /S2- In 
||12j| it was assumed that, in the d = 10 case, for general iV the boundary term comes 
from the obvious generalization of this region to the regions of moduli space in which m 
(> 1) D-particles of charge k are separated, where iV = km. A key assumption is that the 
separated charge-/c bound states also behave as free particles. This region is then described 
by quantum mechanics on _R 9 ( m_1 ) J S m and summing over the all values of m leads to the 
expression in this case of 

Z 4 m ^ 



m | N 

m> 1 



The Witten index follows once I™ k ^ s evaluated. 



By making use of ( |2.2| ) the expression for I™ k can ^ e identified with the coefficient 
of the iV-instanton contribution to the expansion of certain protected terms in the type 
IIB effective action. These terms include [H [ 22"] [23| , 



d^xy/ge-f^ihip, p)R* + f 16 (p, p)A ie + 



-0/2 



^ \16 



(2.5) 



where i? 4 denotes a specific contraction of four Riemann curvatures, A 16 is a specific 
sixteen- fermion term (where A is the spin-1/2 Weyl fermion of the IIB theory) and the terms 
indicated by dots are other terms of the same dimension that are related by supersymmetry 
2~3||||24j| . Such terms include ifj 2 ifj* 2 , f 4: G 2 G* 2 , fsG 8 and many others, where ifj^ is the Weyl 



gravitino and G is a complex combination of the Ramond-Ramond (R®R) and the Neveu- 
Schwarz-Neveu-Schwarz (NS <S> NS) antisymmetric tensor field streng thsi. The functions 



For related work on D-instanton effects in toroidally compactified type II theories see 



[25] [2£] [27| and in type I theories see [28|[29][3C]. SL(2, Z)-invariant expressions for higher- 



dimensional terms in the type IIB effective action have also been proposed in [31][32][33|[24][34|. 
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Ia-i fw an d the other coefficient functions are nonholomorphic moduiar forms that depend 
on the complex scalar field 

p = c (o) +ie -^ : (2.6) 

where c^ -* is the R <S> R scalar and (ft is the dilatoni. These coefficients are generalized 
(nonholomorphic) Eisenstein series and are given by 

f P = pT E ( m + «P) P_11/ V + npY^I\ (2.7) 

which transforms under modular transformations as a form of holomorphic weight (p — 4) 
and antiholomorphic weight —p + 4 which we will write as 

Weight f p = (p-4, -p + 4). (2.8) 

These functions are related to each other by the action of a covariant derivative, 



(2.9) 



where 

^ id d , 
dp 2p 2 

acting on a (d, <i)-form converts it into a (d + 2, <i)-form. 

The expansion of the coefficient functions for small coupling, — > 0, gives perturba- 
tive tree-level and one-loop contributions together with an infinite number of D-instanton 
(and anti D-instanton) terms. The absence of higher-order perturbative corrections is pre- 
sumably related to the fact that the terms in ( j2.5| ) are given by integrals over half the 
on-shell superspace. An indirect argument for such a non-renormalization theorem has 
been advanced in |35[]. The expansion of f p can be written in the form ( |1.4j ), 



e-^f p = 2C(3)e- 2 ^ + %-c v + £ (2.11) 

6 N=l 



where [33 



,7T 1_ 

4r(-5/2+p)r(ii/2-p) 



C p = (~l) P T w c /o i Z^TT, /o IT - (2-12) 



3 In the earlier papers [ 14] [ 23 1 the function f± was denoted / - a more uniform notation is 
adopted here. 
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The first two terms in ( |2.11| ) have the interpretation of the tree-level and one-loop string 
terms while the instanton and anti-instanton terms are contained in the asymptotic series, 



] {^Np 2 fi 

Z / m <L I 

N\m / 



oo oo 



(2.13) 



x 



L ~P,r 2-KiNp _i_ l P,t- -2niNp 



where 



HT r(3/2) r(r-i/2) 

p,r 2 r (r-p + 4)!r(p-5/2)r(-r-l/2)' l ' J 



The expression (|2 .13 ) is somewhat formal since the series multiplying each 



(anti)instanton contribution are asymptotic expansions of Bessel functions for large ar- 
gument. 

From Q2.13 ) we see that the leading contribution to the iV D-instanton contribution 



■V 



QTv ~ Z%°\2nS N )- 7 / 2+ Ve- 2 < s " +mc< ^ (l + o(e*)) , (2.15) 

where the N D-instanton action is given by Sn = Ne~^. This expression is of the form 
(P-.5|) with oio = —7/2, \ identified with and with 

4 U) = li (2-16) 



m\N 



which has been normalized so that z[ 10 ^ = 1. 



The power a±o = —7/2 in ( |1.5|) arises from the combination of ten bosonic zero modes 
(each contributing SjJ 4 ) and sixteen fermionic zero modes (each contributing S N 3 ^ 8 ). The 
number p is the number of external fields in the linearized approximation to the interaction 
term (p = 4 for i? 4 , p = 16 for A 16 , etc.). 

We have thus determined the factor that is to be identified with the partition function 
of the SU(N) zero-dimensional matrix mode. Combining ( |2.16| ) with ( |2.2| ) and ( |2.4j ) gives 
the result for the Witten index, ( |2.1|) , of the d = 10 case, 



J (7V ) = 1, (2.17) 
which indicates the presence of at least one bound state for each value of N. 
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3. d = 6 and heterotic-type II duality 

In this section we wish to consider type IIA compactified to six dimensions on K3, 
which is equivalent, via strong coupling duality, to the heterotic string on T 4 . This theory 
has two eight-component supercharges. At special points in the heterotic moduli space 
-^4,20 additional massless states appear leading to a perturbative enhancement of the 
gauge symmetry. On the IIA side these are associated with D2-branes wrapping a vanishing 
S 2 in the K3. The absence of bound states of multiply- wrapped D2-branes is demanded by 
the absence of an infinite tower of such massless gauge states on the heterotic side. A T- 
duality transformation (in the euclidean time direction), maps the D2-brane of IIA to the 
euclidean world-sheet of a D-string in IIB. This is a D-instanton from the six-dimensional 
point of view. 

Since the S 2 is chosen to be a supersymmetric cycle such an instanton preserves 
half of the supersymmetries [36]. The eight broken supersymmetries generate fermionic 



collective coordinates which have to be soaked up by external sources in order to give 
non-zero correlation functions in an instanton background, thereby generating new inter- 
action vertices. The simplest such term will be an eight-fermion term. Among the other 
terms related to this by supersymmetry is the four-derivative term d IJL cj)d v (f)d^d v (j). In the 
background of N D-instantons such vertices are weighted with a factor exp(— Sn) where 
the N D-instanton action is given by 

S N = Ae-^ 6 Vol(S 2 ), (3.1) 

where 4>q is the d = 6 dilaton. We will obtain the expression for zffi from the form of 
these four-derivative interactions in the effective action. 

This is seen by considering one-loop threshold corrections to the heterotic string 
on T 6 = T 4 x T 2 [[l3|. One of these is of the form F\R 2 term where F± is a function 
of the vector multiplet moduli while the other is Fxd^(j)d v 4>d^d v (j) where F\ depends on 
the hypermultiplet moduli only. Since the heterotic dilaton lies in a vector multiplet the 
heterotic one-loop calculation of the threshold function F\ is exact. In this manner the form 
of F\ may be determined in type IIA on K3 x T 2 , which may then be related by T-duality 
in one of the T 2 directions to type IIB. This duality, which exchanges the Kahler modulus 
and complex modulus of T 2 , exchanges a two-brane wrapped on a two-cycle for the world- 
sheet of a D-string wrapped on the same cycle. The six-dimensional four-derivative terms 
can then be found by taking the large volume limit of the type IIB T 2 . 

Thus, following fl3|1 , we may write the six-dimensional one- loop result for F± in 
terms of type IIB variables and extract the various perturbative and nonperturbative 
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contributions by expanding in the appropriate couplings. The expression for F\ is given 
in eq. (6.2) of @, 



Fi=87r + 2e-*« £ (^^j (g*(M + L) q y 



AT/0,gV0 



Kl U\ N \ ^ M + L ^y e -A 



(3-2) 



The matrix M parameterizes the moduli space O(20, 4, Z)\0(4, 20, i?)/0(4, R) x O(20, R), 
L is the metric on the signature (20, 4) Narain lattice and q % are integer charges that 
parameterize the lattice momenta (pi and p r ) that satisfy, 

pf = ^q t (M + L)q, p 2 r = ^(M - L)q. (3.3) 
The level matching and mass-shell conditions for perturbative heterotic states are 

~(p 2 - Pr) = Ni - N r + 1, m 2 = ^(p 2 + p 2 ) + JVi + JV r - 1. (3.4) 



The degeneracy factor C(fc) in Q is defined by r7" 24 (r) = E fc >- 2 C(^)e" fcr (r/ is the 



Dedekind function) and 0g is the six-dimensional type IIB dilaton. The Wilson lines, 1^, 
of the heterotic string correspond to R®R fields dimensionally reduced on i^T 3 on the type 
II side. 

In |13[ the expression (|3.2|) was used to determine the non-perturbative effects in the 
decompactified limit in which the volume of the K3 is infinite, which confirms the form of 
the d = 10 D-instanton terms described in section 2. Here, we wish to use ( |3.2| ) to extract 
the d = 6 D-instanton corrections coming from euclidean D-branes wrapping the 2-cycles 
of K3. Using the mass-shell condition it is easy to see from the heterotic side that the 
extra state with vanishing mass has a charge satisfying q t Lq/2 = —1 and a mass given by 

= m+2i. (3.5) 



To isolate the instanton effects on the type IIB side we tune the moduli M in such a way 
that — > for a specific charge vector qi, such that fxe~^ 6 is fixed. The degeneracy of 
this state is C = 1. Expanding the Bessel function K\ for large /ie - ^ 6 gives the leading 
nonperturbative contribution, 

F 1 ~ e-^ 2 -^e- 2 ^ N ^* 6 e 2 ™ N fs> c(2) + c.c. 

A?/0 , (3.6) 



£ ^(^) 1/2 e- 27rS - +2 ^^ c(2) +c.c. 



N 2 

N^0 
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where we have kept only the first term in an asymptotic series of perturbative fluctuations 
around the D-instanton background, c*- 2 -* is the two-form R®R potential that couples to the 
wrapped D-string world- volume and we have used \jl = Vol(S 2 )/a' so that Sn = \N\fxe~^ 6 
is the instanton action. This expression again has the form (|1.5|) with = —3/2 and 



p = 2, where x 1S identified with J c^ 2 \ With this identification we determine, 

4 6) = ^ (3-7) 



a result which was also derived in [[T7| using apparently different arguments. 

This result implies that the bulk term in the Witten vertex is = 1/N 2 . In 

the absence of multi D-particle threshold bound states (multiply-wrapped D2-branes) the 
boundary contribution to the index is that of N free particles, namely, 5l( N ' = —1/N 2 . 
This is consistent with the expectation that the Witten index I^2 k + SI^ should vanish 
in the d — 6 case. 



4. d = 4 and the conifold 

We turn now to consider the type II string theories compactified on a Calabi-Yau 
threefold near a conifold singularity. In the simplest case a nontrivial three cycle 7 with 
period 

O (4.1) 



7 

vanishes in the conifold limit. As pointed out by Strominger || the singularity in the vector 
multiplet moduli space of the classical IIB theory is interpreted in the low energy quantum 
theory as the one-loop effect of a light hypermultiplet produced by a D3-brane wrapping 
the cycle 7. In contrast to the vector multiplet moduli space the hypermultiplet moduli 
space can receive both perturbative and nonperturbative corrections. It was suggested 
5B| that for IIA on the same Calabi-Yau space euclidean D2-branes wrapping 7 lead 
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to large instanton effects which smooth out the classical singularity of the hypermultiplet 
moduli space. Following field theoretical arguments given in |37j a corrected metric on the 



moduli space near the conifold was derived in |[8] . The metric was determined in the limit 
z — > keeping \z\/X fixed (where A is the string coupling), in which the details of how the 
conifold is embedded in the Calabi-Yau do not play any role (neither does the fact that 
the hypermultiplets parameterize a quaternionic instead of a hyperkahler geometry). The 



expression for the metric in [38] is given (in the string frame) by, 



1 1 2 1 

ds 2 = V~ 1 (dt - A x dx - -A z dz - -A 2 dz) +V(dx 2 + ^dzdz), (4.2) 

The four scalars in the hypermultiplet comprise the complex field z associated with 
the complex structure deformation parameterizing the conifold limit and x, t which are the 
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reduced R ® R three-forms corresponding to the elements of the cohomology associated 
with the cycle 7 and the dual cycle respectively. The scalar potential V in ( |4.2[ ) is given 
by! 

1 / A 2 \ 1 

V = — — + - > cos(27riVx)i ; ro(27riV|^|/A), (4.3) 
4% \\z\ J tv 

Ml/ 7V >0 

and the vector potential A is determined by W = V x A to be, 

A x = A z = A g = -J2 sm(2nNx)K 1 (2n\Nz\/X). (4.4) 

71 71 N>0 

The instanton terms again become apparent by expanding the Bessel function Kq for large 
values of \z\/X, 

V ^^l n (^l\ + JIj2 (27riVe- $ )" 1/2 e- 27rAre "cos(27riVx)(l + (l/iVe- $ )), 

(4-5) 

where we have set z = Xe $+ so that \z\/X = e $ and 

dzdz = X 2 e- 2 *(d<S> + idd) (d$ - idd) . (4.6) 

From this it follows that the non-perturbative contribution to the <i$<i$ component 
of the metric has the form 

£ <4%*^ (4-7) 

where G^\<& ^ as a leading iV-instanton contribution of the form (|4.5|) , 

4 4 U - l^sTe^e-^ + cc, (4.8) 
and where the action for a charge N instanton is given by 

S N = |iV|e-*. (4.9) 



In writing ( [4.8| ) we have kept only the leading contribution to the iV-instanton term, 
which does not get contributions from the expansion of the expression for A z in ( |4.4| ). The 
expression (|4.8|) is again of the form ( p..5|) with \ identified with x, p = 2, 04 = —1/2 and 
with 1 

Zf = ^- (4.10) 
As with the d = 6 case this expression is consistent with the absence of D-particle bound 
states (and agrees with the result in fl7[j). 

In identifying the measure ( fl.8| ) it was important that we used the metric for the 
fluctuations of $ rather than of the field z. These metrics differ by a factor of A 2 e _2$ . 
One check that this choice of normalization is appropriate for extracting the form of zff 
is to emulate the way in which the instanton measure can be evaluated in field theory by 
considering the contributions of perturbative fluctuations around the instanton background 
to correlation functions. 



In order to avoid notational confusion we are using the symbol A instead of /x to represent 
the renormalization scale. 
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4-1. Perturbative fluctuations around a stringy D-instanton 

The appearance of D-instanton induced terms in the effective action can be seen 
in string perturbation theory around an instanton background following the same kind 
of arguments as were made in |14] for the ten-dimensional theory. To lowest order in a 



perturbative expansion the world-sheet consists of a number of disconnected disks with 
closed-string vertex operator insertions and with D-instanton boundary conditions which 
can be implemented by constructing an appropriate boundary state. The D-instanton 
preserves half the space-time supersymmetry so that a combination of the left-moving and 
right-moving space-time supersymmetry charges annihilate the boundary state. Applying 
n of the broken supersymmetries to the boundary state generates a boundary state, \B) n , 
where n denotes the number of fermionic zero modes, which correspond to fermionic open- 
string ground states attached to the boundary. Nonvanishing correlation functions arise 
when sufficient of these fermionic modes are integrated over — sixteen for the IIB theory 
in d = 10 considered in jRJ (and section 2), eight in the d = 6 case in section 3 and four 
in the d = 4 case in section 4. 

Here we will only consider the d = 4 case where the instantons are euclidean D2- 
branes wrapped on a three-cycle of a Calabi-Yau threefold. The implementation of the 
boundary conditions in this well as the construction and properties of the associated 

boundary states were discussed in detail in [^9[. Type IIA compactified on a Calabi- 



Yau manifold has eight real supersymmetries and a euclidean D2-brane wrapped on a 
supersymmetric three-cycle preserves four of these. Hence there are four fermionic zero 
modes and this leads, for example, to a "tHooff four-fermion interaction vertex |36[j. 



The leading contribution to this interaction comes from a world-sheet consisting of four 
disconnected disks with a fermion vertex operator attached to the interior of each and one 
fermionic zero mode (open string) attached to each boundary. This four-fermion vertex 
is related by supersymmetry to the metric for the hypermultiplets that we have been 
considering. The leading instanton contribution to this metric comes from a world-sheet 
consisting of two disconnected disks with a vertex for a hypermultiplet modulus inserted 
to the interior of each and two fermionic zero modes attached to each boundary. 
The vertex for the hypermultiplet modulus $ l is given by, 

Vj = e -^e-^$^-e ifcX , (4.11) 

where q and q denote the left and rightmoving U(l) charges of the field $ l of the internal 
c = 9iV = 2 super-conformal field theory which is associated with the compactification on 
the Calabi-Yau manifold. For type IIA compactified on a Calabi-Yau the hypermultiplets 
parameterize the complex-structure moduli space and the scalars in the NS <g> NS sector 
are associated with elements of the cohomology H 2,1 and H ' which are given by (c, c) 
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primary fields <&\ ± and (a, a) fields $!_i _i respectively. The R®R vertices are related to 
these by spectral flow. 

In |39| it was shown that there are two possible boundary conditions called A and 
B (connected to the two topological twists of N = 2 SCFT [^(| which correspond to 
branes wrapping middle and even dimensional cycles respectively. Hence the A boundary 
conditions are relevant in our case and the supersymmetry charges are given in the —1/2 
picture by 

Q a _ 1/2 ± = e- x ^S a e-^ H ± ze-^SV^, 
and in the +1/2 picture by 

^ H ±ie 1 ^{ llx S) a BX^ 



(4.12) 



Ql /2 ± = e l ' 2 *{ llJL SfdX^e- l ^ H ± ie l ' 2 *{ llJL SfdX^e % ^ R . 



(4.13) 



Here the unbarred fields denote leftmovers and the barred fields denote rightmovers, 
4> denotes the bosonized superghost, S a and S a are SO (4) spin fields of opposite chirality, 
and H is the free boson associated with the U(l) current of the internal c = 9 SCFT. The A 
boundary condition enforces Q+\B) = and Q_ are the vertex operators for the fermionic 
collective coordinates of the D-instanton. The disk amplitude is then given by inserting 
one scalar vertex and two vertices for supercharges of the broken super symmetries (such 
amplitudes were evaluated in the ten-dimensional case in [|l4l |4j]] ), 



^ ( cce-*e-*& Q ,e* kX (z) cQ a _( Xl ) I dx 2 Q a _(x 2 ) 



(4.14) 



where (p 1 is the (on-shell) wave function for the field $\ One supersymmetry charge is in 
the 1/2 and one in the —1/2 picture in order for the total ghost number on the disk to add 
up to —2. The notation denotes the expectation value on the disk of the i? <E> R field 
^-1/2 -i/2 which is associated to <&i i by spectral flow and is the same as the topological 
amplitude derived in [|39|. There it was shown that is independent of the Kahler 
moduli and is given by 



= u* = Di fl, (4.15) 

J *y J ■y 

where D denotes the covariant derivative on the vacuum line bundle over the moduli space 



of the N = 2 SCFT §§. 



The lowest-order term in the correction to the metric comes from a configuration of 
two disks. One of these has a vertex operator for the modulus 4> % attached and the other 
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has the vertex operator for the complex conjugate J . After integration over the fermionic 
zero modes and summation over the instanton sectors the expression reduces to 

J d^V^eQeQ) (V^eQeQ)Z^ = d^d^ £ J n D J J fi > (4.16) 



where zff is to be identified with the A-instanton measure - it is a factor that does not 
depend on the particular process being considered. 

We now specialize to the case where the vertices <fii, (pj are the moduli z, z respectively. 
In the conifold limit D z J^Q = 1 and it follows that the instanton correction to the metric 
is given by 

^Z^dzdz = (Ne'^Z^ (d$d$ + dOdO) 
= G%$(d$d$ + ddde). 

,(4) 



In order for (|4.17|) to agree with ( fl.7| ), Q N ^ must be identified with (fQj[). In the analysis 



of the instanton induced corrections of the metric zff is interpreted as the instanton 
measure which is independent of the process considered. On the other hand the disk 
amplitudes (|4.14| ) depend on the fluctuating fields. In the case of the fluctuations of the 
field z the disk amplitude ( |4.14[ ) is proportional to A/ A which is not equal to the instanton 



action Sjy. In order to bring to bring (|4.17|) into the general form ( |1.5|) with = —1/2 
and p = 2 it is necessary to consider the fluctuations of the fields <p an d instead of z, z 
which can be accomplished by the change of variables (|4.6|) . 

The leading instanton correction for to the metric for the R<g> R scalar x is given by 
Vdxdx and is also reproduced by the two-disk process. The R® R fields have a different 
dependence on the string coupling (the one-point function is (V x ) = N in this case) so it 
is important to remember that the canonically normalized perturbative field is x = xe~® . 
The metric is then of the form 

— (S N ) 2 Vdxdx, (4.18) 
N 2 

which may be expressed as ( |1.5| ) with = —1/2 and p = 2. 

All the other corrections in (|4.2|) are subleading in the coupling constant expansion 
and should correspond to more complicated diagrams in the instanton background which 
will not be discussed here. 

It would be interesting to derive the form of the metric (|4.2j ) from the duality of type 
II on Calabi-Yau and the heterotic string on K3 x T 2 . As in the discussion of threshold 
corrections in the d = 6 case, since the heterotic dilaton lies in a vector multiplet the 
nonperturbative effects on the type II side must be reproduced by tree level effects on 
the heterotic side (taking into account all orders in a'). Unfortunately, relatively little is 
known about the structure of such hypermultiplet moduli spaces from the heterotic point 
of view (for a recent review see |[42|| ). 
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5. Discussion 



We have considered the contributions of D-instantons to a variety of protected inter- 
actions in d — 4, 6 and 10 dimensions. There appear to be no examples of such instanton 

(3) 

effects when d = 3, which is consistent with the expected vanishing of Z N . The in- 
teraction terms considered are ones that are protected by supersymmetry and in which 
only multiply-charged single D-instantons contribute since the contributions of separated 
multi-instantons carry extra fermionic zero modes and therefore vanish. We are thus able 
to isolate the instanton partition function, zffi, which also only gets contributions from 
single instantons. 

In all the cases considered in this paper the basic structure of the iV-instanton cal- 
culation in d dimensions follows from a one-loop calculation R d ~ x x 5" 1 with a circulating 
D-particle of the appropriate type. Using T-duality the charge- iV D-instanton corresponds 
to the contribution of an iV-fold winding of the euclidean world-line of the D-particle 
around the S 1 . An expression of the form (|1.5|) follows in a simple manner in each case, as 



is summarized in the appendix. It is important to note that in all cases there is an infinite 
tower of multiply- charged D-instantons. 

The correspondence, via euclidean T-duality, between D-instantons and D-particlesi 
makes the connection with the Witten index clear. In d = 4 and d = 6 the D-particle is 
the unique normalizable state — described by a D3-brane wrapped around a three-cycle 
of a Calabi-Yau space (for d = 4) or a D2-brane wrapped around a two-cycle of K3 (for 
d = 6). In the d = 10 case the D-instanton is associated with a pair of integers which are 
identified, after T-duality, with the charge of a D-particle threshold bound state and with 
the winding number of its world-line. 

The power of the instanton action (SV) ati which enters the measure in ( |1.5| ) takes 
the values ad = —7/2, —3/2 and —1/2 for d = 10, 6 and 4, repectively. This factor should 
emerge from the Jacobian for the change of variables from zero modes to collective co- 
ordinates. Although we have not done that calculation explicitly, these values of ad are 
consistent with attributing a factor of to each bosonic collective coordinate and S N 
for each fermionic collective coordinate. 

Having the exact partition function for all N might be of significance for the zero- 
dimensional matrix model || and other applications of large- N supersymmetric Yang-Mills 
theory. In that context it is perhaps notable that the d = 10 expression ( |1.6| ) does not have 
a well-defined large- N limit. The special interactions considered in this paper (such as the 
R term) are interpreted in the Yang-Mills matrix model as a special class of local gauge- 
invariant correlation functions. These can be expressed as correlations of small Wilson 
loops that are associated with punctures, or vertex operators, in the string picture. 



5 Some apects of this relation were discussed in [43] [44]. 
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Appendix A. 

For all values of d considered in this paper the instanton-induced terms in the effective 
action may be simply summarized by expressing them in terms of a one-loop Feynman 
diagram with p external states in the T-dual theory on R d ~ 1 x 5" 1 (this is the spirit in 
which the d = 4 case was discussed in |]45|| ) . Integration over the fermionic modes gives 
rise to the interaction V(*B) leaving a one-loop amplitude for a scalar field theory that 
det 
by 



determines the coefficients which are functions of the moduli. This amplitude is given 



An 



where R is the radius of the (euclidean) circle, n is the Kaluza-Klein charge and the factor 
t p originates from integrating over the proper times of the p vertex operators around the 
loop. The shift in the integer momentum is due to a non-zero R Cg> R Wilson line in the 
compact direction. 

Integration over the loop momentum p and a Poisson resummation with respect to 
n gives. 

A V =R 2 J2 I ^ i *-*/*e- s ^- i '* a e 2 * im *, (A.2) 

where m is the winding number of the world-line around the compact dimension. In 
this form the ultraviolet divergence of the loop amplitude arises in a single zero-winding 
number (m = 0) term. The terms with nonzero m give the instanton corrections that we 
are interested in here. 

The cases under consideration in this appendix are those with k — d/2 = — 1. These 
one loop amplitudes contain vertex operator insertion which are 'maximal' in the sense 
that each vertex operator absorbs four fermionic zero modes and corresponds to a two 
derivative term on a bosonic field — the four vertices of linearized R 4 in d = 10, the two 
vertices of d 2 (pd 2 (p in d = 6 and the one d 2 (p vertex in d = 4. Note that in the case 
d = 4 such a term is related to the corrections of the metric discussed in section 4 by an 
integration by parts as will be seen explicitly at the end of this appendix. 
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>2 m 2 _ f^y^imx 



After a change of variables t — > 1/t these amplitudes are given by 
A V = R 2 Y^ / dtex.p(-tn 2 R< 

£^/*e*p M -M^— (A.3, 

m 

7T " 2 V -\(2nmRfi)K_ 1 (2n\m\Rfi)e 27rimx 



= 7T- 2 



In general, the mass \x of the D-particle is a function of the moduli of the form \x = 
f(z l )e~^ d where (ftd is the <i-dimensional dilaton. This transforms to (p' d under T-duality 
where, 

2irmRn = 27tmRf(z)e-^ d = 27rm/(z)e~^ = S m . (A A) 

Substituting this into (|A.3|) and expanding the Bessel function for large argument produces 
a leading instanton contribution of 

Visj 1 ^- 8 ^ 2 ™ 1 (A.5) 
^— ' m 

m 

in all cases. This assumes that the D-particle circulating in the loop is nondegenerate, 
which is true for d = 4 and d = 6. In the d = 10 case there are charge- k threshold bound 
states with masses = k\x that circulate in the loop. The amplitude must therefore be 
summed over k as well as the winding number m. Writing iV = mk the result is 

A = n ~ 2 E E ^(S^K.^S^e 2 ^. (A.6) 

N N\n 

Hence the different behavior of the instanton measure Zn for d = 10 compared to d = 4, 6. 
The loop amplitude ( |A.2|) in the d = 4 case corresponds to the one-point, 



d 2 $ y -L|^e- $ |K_ 1 (27r|iV|e-*)e 27riArx , (A.7) 
whereas in section 4 we reviewed the correction to the metric on the moduli space given 



m 



3q1 which had the form, 

Ve'^d^d^, (Ai 



where V is defined in (|4.3| ). In fact the nonperturbative contribution to (|A.8| ) is equal to 
( |A.7| ), up to a total derivative which vanishes when integrated. This follows simply from 
the relation among Bessel functions, 

d x (xK_ 1 (x)) = -xKq(x). (A.9) 
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